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Careful Numerical Study of Flowfields about Symmetric

Vs External Conical Corners
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A numerical study of the flowfield about symmetrical external axial corners formed by the juncture of swept
compressive wedges is presented. The geometrical configuration under investigation allows a unified treatment
of external corners typical of delta wings and of rectangular inlets. Comparisons are made with other numerical
results. For the delta wing configuration, the occurrence of an anomalous shock behavior predicted by Gonor is
refuted. A parametric study shows the singular behavior of the pressure at the corner as a function of the ex-
ternal corner angle, and a second parametric study shows the effect of the corner radius on the location of the
crossflow stagnation point. Previous theoretical predictions of certain flow features typical of corner flows agree

well with present numerical results.

I. Introduction

HE external corner configuration considered in this paper

is formed by the intersection of two compression wedges.
One of these wedges rests on the horizontal x,z plane (Fig. 1)
and is defined in terms of a compression angle §, and a
leading-edge sweep angle A, . The other wedge rests on a plane
which is Q@ degrees clockwise from the vertical y,z plane and is
also defined in terms of a compression angle 6, and a leading-
edge sweep angle A,. In this paper we will consider only the
symmetric flowsT which result when the defining angles of the
two wedges are equal, A=A;=A,, 6=§,=4,, and the free
stream is uniform and aligned with the symmetry plane. In
addition, we restrict the values of 6 and A to those com-
binations for which a critical Mach number M, exists, such
that for freestream Mach numbers greater than M, a shock
attached to the leading edges is formed (Fig. 2). Furthermore,
since the wedges are assumed to be infinite in extent, no
characteristic length can be defined, and the inviscid
supersonic flow field to be considered is conically self-similar
with the conical origin at point 0 of Fig. 1. The purpose of this
paper is to present a comprehensive, unified, numerical study
of this conical flowfield.

Various geometrical arrangements are possible through
variations of the angle Q. Of particular interest is the delta
wing configuration which results when  is a right angle. This
configuration has been the subject of intensive study in terms
of linear theory! and in terms of thin-shock-layer theory.23
The results of the thin-shock-layer theory are interesting in
that an anomalous shock behavior is predicted at certain
angles of attack. This problem will be discussed in some detail
in Sec. IV.

A second aerodynamically important configuration is
obtained when Q is zero. This configuration is typical of
geometric features, such as rectangular inlets, found on high-
speed aircraft. The linear problem for this configuration was
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studied in Ref. 4, and solutions to the nonlinear problem were
first presented in Ref. 5, and later in more detail in Ref. 6.
Two significant features which had already been found in the
studies of the delta wing case>>7 were revealed by the
nonlinear solutions. The first consisted of the appearance of a -
local pressure maximum at the corner, and the second con-
sisted of the displacement of the vortical singularity away
from the corner and along the wedge surface. The validity of
these results was, however, in doubt because of certain
physically incorrect assumptions made in Refs. 5 and 6. In
order to gain some insight on this question, an analytical and
experimental study was undertaken in Ref. 8. This study
showed that the pressure near the corner behaves like

p~ 3-411'/@—2

where ¢ is the distance away from the corner and & is the
external angle (Fig. 1). For external angles greater than 240
deg, the pressure gradient dp/d¢{ is infinite at =0 and the
pressure distribution exhibits a cusp at the corner. This
pressure distribution was also shown to result in a
displacement away from the corner of the vortical singularity.
These theoretical predictions were later confirmed by
numerical experiments in Ref. 9 for the case 2=0. In the
present paper, a parametric study based on a variation of the
angle @ (and, consequently, the angle ®) will clearly show the
development of this pressure behavior. In addition, a
parametric study showing the effect of rounding the corner on
the location of the vortical singularity is presented.

II. Numerical Formulation

The numerical solution to this problem begins by casting
the time-dependent Euler equations in terms of spherical
polar coordinates, such that ¢ is time, r is the distance from
the conical origin 0, in Fig. 1, 8 is the polar angle measured
from the z axis, and ¢ is the azimuthal angle measured
counterclockwise from the x, y, z plane. Advantage is then
taken of the conical nature of the problem by looking for the
solution only on the surface of the unit sphere, r=1. The
region of interest on the unit sphere is the region inside the
Mach conoid emanating from the apex (Ref. 8); this region is
shown on Fig. 3, after projection onto a y,x plane. The four
boundaries of the region are: the wedge surface defined by

tand ] )

6, (¢) =atan [ sing —tanAtandcos¢
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Fig. 1 Cerner configuration.

the symmetry plane defined by
o, =42(3/271-Q) )
the bow shock wave defined by

6="0, (¢,t) (3)

which is an unknown function that must be obtained as part
of the solution to the problem, and the cross flow sonic line
¢=0¢,(0), which is given implicitly by the relation

U, . v, 2
11— (— sing + — cosd))
a,

a;

V. - U W 2
- [(—2 sing — —2 cos¢) cos— —25in6] =0

a; a; a;

“@

The constants U,, V,, W, are the velocity components in the
x, y, z directions, respectively, in the region behind the two-
dimensional shock outboard of the cross flow sonic line, and
a, is the speed of sound in the same region.

The cross flow sonic line is replaced, at least in part, by a
cross flow shock if the leading edges are swept forward. ! The
disturbed region of the flow is then somewhat larger than the
region bounded by the Mach conoid, and the location of the
right-hand boundary must also be obtained as part of the
solution. No attempt has been made in the present study to
properly fit the cross flow shock as a discontinuity; however,
for a number of swept forward configurations, the code has
been capable of capturing the cross flow shock, producing
results which appear qualitatively good.

In order to obtain a good distribution of grid points and
avoid differentiating across the cross flow sonic line, where
the first derivatives of some flow variables are multivalued, 1¢
new computational coordinates are defined by

¢, —0,(Y)’ O (X, T) —0,,(X)’

T=t 5)

such that the wedge surface, the symmetry plane, the bow
shock, and the cross-flow sonic line are all mapped into grid
lines. The transformation of partial derivatives from
spherical independent variables to computational independent
variables is obtained via the calculus of implicit functions.!!
An even distribution of grid points on the computational X, Y
plane results in the distribution of grid points in the physical
plane shown in Fig. 3.

After nondimensionalizing pressure, density, and tem-
perature by their respective freestream values p, p.., 7o, and
velocity components by Vp,, /p.. , the Euler equations in terms
of computational X, Y, T coordinates are give by

Qr+AQx+BQy+H=0 (6)
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Fig. 3 Region of interest on unit sphere, projected onto the x,y
plane, and typical grid lines.
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where A4, B, and H are defined in the Appendix. In the above
equations, P is the natural logarithm of pressure, v, w, u, are
the spherical velocity components in the positive 6, ¢, and r
directions, and S is the entropy which for an ideal gas is
related to the pressure and temperature by

-1
7=exp<L—P+§) ®
v Y

where v is the adiabatic exponent.

Starting with a judiciously chosen set of initial conditions,
the equations of motion, defined by Eq. (6), are integrated in
time at all interior points using the MacCormack finite dif-
ference scheme!? until a steady state is reached. Two
modifications to this standard procedure were made during
the development of the code. First, the integration of the
entropy equation was perfomed using windward differences
only.!? This modification automatically resolves problems
associated with the computation of the vortical singularity,
and is more consistent with the physics than a straightforward
application of the MacCormack scheme for this equation.
Secondly, the radial momentum equation was replaced by
Bernoulli’s equation

2 %
u=(qfnax—vz_wz—’y_’_ylr> (9)
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Fig. 5 Surface pressure for =0 deg, A=0 deg, 6=10 deg, and
M, =3.

where g,,,, is the maximum flow speed. This replacement is
strictly valid only in the steady state; however, when applied
during the transient it removed small wiggles in the radial
velocity component which developed when the radial
momentum equation was integrated.

III. Computation of Boundary Points

The calculation of grid points on the wedge surface proved
particularly difficult because of the extremely large gradients
that can occur at the corner. The best results were obtained by
integrating the cross flow momentum equation

€
si

X,
qT+b(e9vX+e¢wX)+r(e9X0+ n0¢)PX+uq=o (10)

where e, and e, are the direction cosines of the unit tangent to
the wall
é=ef+e,o an

q is the cross flow velocity component

q=V-é=eu+e,w (12)
and b is defined in the Appendix. Once g is evaluated at the
new time level, using the MacCormack scheme, the boundary
condition at the surface requires that the 6 and ¢ velocity
components be given by

v=e,q, w=e,q (13)

The pressure is evaluated by replacing the first expression
obtained from Eq. (6) by

P, +qP,+v(q,+4gB, +2u+uvcotd) =0 (14)
which is obtained from the continuity equation (written in
terms of the natural logarithm of pressure) using the trans-

formations

9 .90 d
T =sing s +cosf3 n

1 9 0 . _ 0 :
-— — —cosB(—,’; —sm{i’a (15)

sinf d¢
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where s and n are coordinates tangent and normal to cross
flow streamlines (Ref. 10), and 8 is given by

-1 %,

tan = v
" w  sinf 3¢

(16)

Recasting Eq. (14) in terms of computational coordinates, we
obtain

e, X
PT+bPX+'y[(e(,Xo+ :in(; )qx+q6,, +2u+vcot0] =0(17)

and

' q dtanf < € Yd,) ‘
=— e, Y,— —=)-(e,uy—eyw 18
9B I+tan?8 98X $70 " sing (esvy —egwy) (18)
The evaluation of the entropy and radial velocity component
follows the same procedures as for interior points.
At the corner itself, because it is a cross flow stagnation
point, the entropy equation degenerates to the form

S,=0 19

so that at this point special precautions must be taken. If the
corner is a nodal point, then two values of entropy are defined
at the corner (and, consequently, two values of temperature,
and radial velocity component). One value is obtained by
extrapolation from the neighboring grid point along the
wedge surface and another from the neighboring grid point
along the symmetry plane. If the corner is a saddle point, then
only one value is necessary. This value depends on whether
the streamline reaching the corner is the streamline along the
wall or the streamline along the symmetry plane.

The shock computation basically follows the procedures
described by Moretti in Ref. 14. This simply involves defining
a shock speed W,

W= a0, (X,T)

s aT 20)

X'=const
such that the shock velocity is given by
w,=w,Y

where Y is the unit tangent to the Y computational coor-
dinate. Then by differentiating with respect to time the
Rankine-Hugoniot pressure jump across the shock, it is
possible to obtain the following expression for the shock
acceleration:

aw, | oV, - aN, (af/- Aaﬁs)
| Zeg v, _w (2N
or | ar Mot Ve W\Gr Nt Yoy
1-v
\/;(Mfen‘FT)Pr
- L [iF-R0) 22)

2M, rel

where N, is the unit normal to the shock, M, is the normal
component of freestream Mach number relative to a frame
moving with the shock

(Vu—W,)-N
Mrel= \/-:Y_: s

and P is obtained from the first expression defined by Eq. (6)
using one-sided differences for the derivatives. Integrating

(23)
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Fig. 8 Bow shock and cross flow stagnation points for a delta wing
with 8 =45 deg, 8 =25 deg, and M_, =100, at « =0 deg and 5 deg.

Eq. (22) twice yields the new shock position from which,
through the Rankine-Hugoniot relations, the new values of
the flow variables on the high pressure side of the shock are
obtained.

The remaining two boundaries consist of the symmetry
plane, which is evaluated in the same manner as the interior
points with the additional constraint of symmetry, and the
cross-flow sonic line boundary which is given by the known
solution to the two-dimensional region.

IV. Results

Validation

The numerical code was validated by comparing its results
with exact solutions and with the results of other numerical
codes.

The comparison with the exact solution is obtained for the
case where the leading edges are unswept and Q corresponds
to a right angle. This configuration results in a two-
dimensional wedge. Although the analytic solution is trivial
for this configuration, the numerical solution is far from

STUDY OF FLOWFIELDS ABOUT EXTERNAL CONICAL CORNER 649
2.1
Q= %" asd)
2.0
P Py 0 =60° @10°)

o =3 )

a=0¢ (270"[)
1

w2 A1 0 1 2 3 .5

xiz

@A=0°

o= % a8

Mglimo=® @™ |
Q=60° @27

o =% 2ar°)
| 1 1 M L | J
L ! 2 34 5
xkz
(b)A=-20°
2.2
21
2.0
Mo Q= ess%)
L9 _
o=9" a9
1.8
a=3%" (256°) Q= 60° 226%)
1.7 1 1 ) 1 1 1 ) 1 I
L3 mz ol 0 1 2 34 .5 .6

xiz
(©)A=—-40°
Fig. 9 Surface pressure distribution at M_ =3 and 6=10 deg.
External angle $ in parentheses.

trivial because the velocity components being calculated are
spherical components which are not constant. Several cases
were computed typical of this configuration with resulting
errors of less than 0.5% in any flowfield variable.

For a delta wing configuration corresponding to Q =90 deg,
A= —20deg, 6=10 deg at freestream Mach number of 3 and
adiabatic exponent of 7/5, a comparison was made with the
“method of lines”” described in Ref. 15. The computed
pressure coefficient at the surface of the wedge is shown in
Fig. 4. The discrepancy between the two methods is 0.8% at
the corner, well within the accuracy of the numerical
calculations.

For an unswept corner configuration corresponding to
Q=0deg, A=0deg, 6 =10 deg at freestream Mach number of
3 and adiabatic exponent of 7/5, a comparison was made
against the numerical techniques reported in Refs. 6 and 9.
The nondimensional surface pressure for this case is plotted
on Fig. 5. The data for this comparison were kindly provided
by Kutler and do not actually appear in Ref. 9. The present
results agree very well with the implicit solution of Ref. 9,
particularly near the corner. At the cross-flow sonic line there
is some smearing of the sonic line by the implicit method. The
poor results of the explicit method, Ref. 6, are apparently due
to the improper boundary condition imposed at the corner.?
The locations of both the vortical singularity and the bow
shock wave predicted by all three calculation procedures are
in good agreement for this case.

Anomalous Shock Behavior

For the delta wing configuration at high freestream Mach
numbers, an analysis made by Gonor?? using thin-shock-
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Fig. 10 Computed isobars and cross flow streamlines for M, =3
and A= —20 deg. Pressure levels are referred to pressure level in 2D
region.

layer theory predicts that at the plane of symmetry the
distance between the shock and the surface of the wedge first
increases as the angle of attack o of the freestream is in-
creased, and then, beyond a certain angle of attack, an
anomalous behavior occurs where the distance between the
shock and the surface of the wedge begins to decrease. An
attempt to duplicate numerically this interesting phenomenon
indicated that the calculations made by Gonor were in error.

The apparent anomalous behavior predicted by Gonor
comes about by continuing the solution he obtained, under
the assumption of an attached leading-edge shock, beyond the
point of shock detachment. This can be demonstrated by
considering the following facts. The effective wedge angle §,
is made up of a zero angle-of-attack contribution and an
angle-of-attack contribution, and is given by

6, =at <——tan6)+at‘n< tana) 24
e =alan| oA A cosa @49

This effective wedge angle must be less than the wedge
detachment angle which at high freestream Mach numbers is
given by

8, =asin (1/7) (25

The delta wing configurations studied by Gonor were defined
in terms of the compression angle 3, ranging from 20 deg to 27
deg, and the angle 3, defined as the angle on the surface of the
wing between the leading edge and the corner. The angle § is
related to A by

A= —asin(cosBv1I+tan?§) (26)

In Fig. 6, the maximum angle of attack for an atttached shock
for a given 8, A configuration at M, — o is shown. From this
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Fig. 12 Effect of corner radius on cross flow streamlines, Mu,‘=3,
6=10 deg, A= — 40 deg, and 2 =0 deg.

figure we see that for 8 =45 deg and & =20 deg the effective
wedge angle exceeds the detachment angle at o ~ 11 deg, while
for B=45 deg and 6=25 deg, the detachment angle is ex-
ceeded at o~ 6 deg. If these results are superimposed on Fig.
12 of Ref. 3, we find that the anomalous shock behavior
occurs for angles of attack corresponding to detached shocks
as shown in Fig. 7.

In Fig. 8, the bow shock and cross flow stagnation point
location for a delta wing of the type studied by Gonor (8 =45
deg, 6 =25 deg) is shown at angles of attack of 0 deg and 5 deg
for freestream Mach number of 100 and y=7/5. The 5 deg
angle-of-attack case corresponds to a case where the shock is
very close to the detachment point.

Parametric Studies

As mentioned in the introduction, a theoretical study in
Ref. 8 indicated a singular behavior of the pressure at the
corner for external angles & greater than 240 deg. A
parametric study was conducted to investigate this
phenomenon and the results are shown in Fig. 9. For all cases
the compression angle & was kept fixed at 10 deg and the
freestream Mach number was set at 3, with y=7/5. Figure 9
shows the computed surface pressure for an unswept con-
figuration with the angle 2 ranging between 90 and 0 deg. The
Q=90 deg case corresponds to a two-dimensional wedge with
uniform pressure behind the oblique leading-edge shock. As
the angle Q is reduced, the pressure decreases at the corner
untit @ = 30 deg, corresponding to ® ~240 deg. Reduction of
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beyond this point causes an increase in the pressure at the
corner with the cusp-like behavior predicted in Ref. 8. Figures
9b and 9c show similar results for leading-edge sweep of — 20
and —40 deg, respectively. As indicated by the figures, the
effect of sweeping the leading edges back is to reduce the
pressure at the corner and to make more pronounced the cusp-
like behavior at the corner for & >240 deg. It is evident from
these results that corner loads can be minimized by sweeping
the leading edges and by designing for external angles of
approximately 240 deg. .

In Fig. 10, the computed isobars and cross flow streamlines
are shown for the cases corresponding to Fig. 9b (A= —20
deg). For @ =30 deg and Q=0 deg, the cross flow streamlines
show the displacement of the vortical singularity away from
the corner. A jump in density, temperature, and radial
velocity component occurs at this nodal point.

A parametric study of the effect of the corner radius on the
location of the cross flow stagnation point was carried out for
the 6 = 10 deg and A= —40 deg configuration. The location of
the cross flow stagnation point is plotted on Fig. 11 against
the external angle &, which is more meaningful than the angle
2. For the sharp corner r, =0, the nodal point at the corner
moves away from the corner, leaving behind a saddle point at
& ~ 228 deg, while at r, =0.2 the corner remains a nodal point
through the maximum & angle tested (corresponding to =0
deg). These results are in qualitative agreement with those of
Ref. 9. The cross-flow streamlines shown on Fig. 12 illustrate
the effect of the corner radius.

V. Conclusion

A standard computational procedure has been applied to
the calculation of external conical corners. Care has been
taken in implementing the boundary conditions by fitting the
bow shock wave and the cross-flow sonic line, constructing
the computational mesh, formulating the governing
equations, accounting for singularities, and in treating the
body boundary condition. The numerical results obtained
substantiate the theoretical structure developed in Ref. 8.

The anomalous shock behavior predicted by Gonor was
shown to be the result of applying a theory beyond its range of
application.

A parametric study based on the configuration defining
angles showed how to design corners with minimum pressure
loads.

Finally, it was shown that the vortical singularity can be
maintained at the symmetry plane by rounding the corner.

Appendix
The matrices appearing in Eq. (6) are:
b ¥X, (yX,/sind) 0 0
7X, b 0 0 0
A= | (1X,/sinf) O b 0 0 (Al)
0 0 0 b 0
0 0 0 0 b
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S

c 7Yy  (vY,/sind)

7Y, c 0 0
c 0

B= | (rY,/sinf) (A2)

S S O O

0
0 0 0 c
0 0 0 0 ¢

2u + vcotd

uv —w?cotd
H= (A3)
_ UZ — WZ

0
b=X, +vX,+ (wX,/sind)
c=Y,+vYy+ (de,/sinB‘) (A4)
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